Influences of Electrical Boundary Conditions on Second-Harmonic Generation of Ultrasonic Guided Wave Propagation in a Piezoelectric Plate  by Deng, Mingxi & Xiang, Yanxun
  Physics Procedia  70 ( 2015 )  356 – 359 
Available online at www.sciencedirect.com
1875-3892 © 2015 The Authors. Published by Elsevier B.V. This is an open access article under the CC BY-NC-ND license 
(http://creativecommons.org/licenses/by-nc-nd/4.0/).
Peer-review under responsibility of the Scientific Committee of ICU 2015
doi: 10.1016/j.phpro.2015.08.086 
ScienceDirect
2015 International Congress on Ultrasonics, 2015 ICU Metz 
Influences of Electrical Boundary Conditions on Second-Harmonic 
Generation of Ultrasonic Guided Wave Propagation in a 
Piezoelectric Plate  
Mingxi Denga,*, Yanxun Xiangb 
aDepartment of Physics, Logistics Engineering University, Chongqing 401331, China 
bSchool of Mechanical and Power Engineering, East China University of Science and Technology, Shanghai 200237, China 
Abstract 
The influences of electrical boundary conditions on second-harmonic generation (SHG) of ultrasonic guided wave propagation in 
a piezoelectric plate are analyzed. Based on the modal expansion analysis for waveguide excitation, an accurate description for 
the SHG effect of primary ultrasonic guided wave propagation in a piezoelectric plate has been presented within a second-order 
perturbation approximation. The formal solution of the double frequency guided waves, constituting the field of second 
harmonic, has been developed. The analytical results clearly reveal that the SHG effect of primary guided wave propagation is 
closely related to the electric boundary conditions of the piezoelectric plate. It is found that under different electrical boundary 
conditions there is an evident difference in the SHG effect of ultrasonic guided waves, and that the SHG effect is highly sensitive 
to the electrical boundary conditions.  
© 2015 The Authors. Published by Elsevier B.V. 
Peer-review under responsibility of the Scientific Committee of 2015 ICU Metz. 
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1. Introduction  
Ultrasonic guided wave propagation in piezoelectric plates has been applied in practical applications such as 
acoustic sensing, ultrasonic nondestructive evaluation, and signal processing, etc (Nayfeh 1995). In recent years, the 
studies on the effect of second-harmonic generation (SHG) of primary ultrasonic guided wave propagation attract 
more and more attention because of its potential to accurately assess the mechanical properties of plate-like 
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structures (Deng et al. 2007; Li et al. 2012). However, the available studies on the SHG effect of ultrasonic guided 
waves are performed only for the case where the materials of plate-like structures are assumed to be non-
piezoelectric and only the elastic nonlinearity of materials is considered. Considering the potential of using the SHG 
effect in practical application, it is essential to analyze the SHG effect of primary ultrasonic guided wave 
propagation in piezoelectric plates, where the nonlinearities in elasticity, piezoelectricity, and dielectricity will be 
considered simultaneously. The object of the present paper focuses on investigating the influences of the electrical 
boundary conditions on the SHG effect of ultrasonic guided wave propagation in a piezoelectric plate.  
2. Theoretical Considerations  
The Lagrangian coordinate system a1a2a3 established for a single piezoelectric plate is shown in Fig. 1, where  γ1, 
γ2 and γ3 are the angles of orientation between the two coordinate systems a1a2a3 and '3'2'1 aaa , and the elastic, 
piezoelectric and dielectric constants of the piezoelectric material are originally defined under the coordinate system 
'
3
'
2
'
1 aaa . The material of piezoelectric plate is assumed to be homogeneous with no attenuation and no dispersion.  
For a sound wave propagating along the a3 axis, its formal 
solution is given by )]exp[j( 23 tkakaui ωα −+ , where ui (i=1,2,3) 
corresponds to the mechanical displacement component along 
the ai axis, and ui (i=4) the electrical potential. Based on the 
Christoffel equation for plane wave propagation in 
piezoelectric solids, eight roots of α (denoted by α(q), q=1,…,8) 
can be obtained, and further, the corresponding eigensolution 
( )(1qu , )(2qu , )(3qu , )(qϕ ) can also be determined for each α(q) (Auld 
1973). For notational simplicity, the Einstein summation 
convention is used throughout. Generally, a linear combination 
of eight eigensolutions ( )(1qu , )(2qu , )(3qu , )(qϕ ) constitutes the 
general solution of wave motion, i.e., )]exp[j( 2)(3)( kakauAU qqiqi α+=  and ϕ =
 
)]exp[j( 2)(3)( kakaA qqq αϕ +  (neglecting the 
factor exp[-jωt]), where Ui (i=1,2,3) is the particle displacement component along the a1, a2 or a3 axis, and ϕ  the 
electrical potential, and Aq (q=1,…,8) are arbitrary constants to be determined. When a guided wave propagation is 
postulated, the corresponding dispersion equation can be obtained from the mechanical (stress-free at a2=0, h) and 
electrical (short-circuit or open circuit at a2=0, h) boundary conditions (Auld 1973). After that, the ratio of Aq to A1 
can be determined by substituting the frequency-thickness product fh and the corresponding guided wave phase 
velocity into the equation of the mechanical and electrical boundary conditions.  
Generally, the elastic, piezoelectric and dielectric nonlinearities of piezoelectric materials are often small 
(McMahon 1968; Ljamov 1972) and the successive approximation approach can be applied. Second-order 
perturbation can reduce a complicated nonlinear problem to the linear one with known excitation sources, so that the 
linear analysis approach can be applied even if the original problem is nonlinear. When the primary (f, p) guided 
wave mode (with the driving frequency f and the order p) propagates along the a3 axis in Fig. 1, there are second-
order stress tensors at the two surfaces of the piezoelectric plate, denoted by )2( fijP  = 2/)/)(/( nmlkijklmn aUaUM ∂∂∂∂  + 
))()(( kmlkmjilkijlm aaUef ∂∂∂∂+ ϕδ  - 2/))(( lkklij aad ∂∂∂∂ ϕϕ , and second-order surface charge density, denoted by )(2 fı = 
2/))((2 kjjk aa ∂∂∂∂ ϕϕε - ))((2 lkjjkl aUad ∂∂∂∂ϕ  + 2/))()(( 22 mlkjkmjljklm aUaUef ∂∂∂∂+ δ , where Mijklmn is defined by 
cijklmn+ δkmcijln+ δimcjnkl+δikcjlmn (i, j, k, l, m, n=1,2,3), and cijkl and cijklmn are second- and third-order elastic constants. 
The constant ekmj is second-order piezoelectric one. It should be noted that the electrostrictive constant dklij is related 
both to elasto-optic and electrostrictive effects, and that the third-order piezoelectric constant fkijlm is related to the 
electroacoustic effect. εijk is third-order dielectric constant. Besides )2( fijP  and )(2 fı , in the interior of the 
piezoelectric plate, there is a bulk driving force component with the frequency 2f, denoted by )2( fif = jfij aP ∂∂ )2( , as 
well as a bulk charge density with the frequency 2f, denoted by )2( fρ  = ))()(( 2 mlkijikmjlijklm aUaaUef ∂∂∂∂∂+ δ -
+∂∂∂∂∂ ))([( 2 lkjiijkl aUaad ϕ ]))(( 2 likj aaUa ∂∂∂∂∂ϕ  + ))(( 2 kjiijk aaa ∂∂∂∂∂ ϕϕε . All the material constants in )2( fif  and 
)2( fρ  should be transformed from the coordinate system '3'2'1 aaa  to a1a2a3.  
According to the modal analysis approach for waveguide excitation (Auld 1973), these second-order terms can be 
regarded as excitation sources for generation of a series of double frequency guided wave (DFGW) modes. Thus, 
the field of the SHG of the (f, p) guided wave propagation can formally be expressed by the summation of these 
 
Fig. 1. Piezoelectric plate and Lagrangian coordinate system. 
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DFGWs, i.e., )2(iU  = )()( 2),2(3 aUa sfisα , ϕ(2) = αs(a3) ϕ(2f,s)(a2), where )( 2),2( aU sfi  (i=1,2,3) and ϕ(2f,s)(a2) are the ai-axis 
displacement component and the electrical potential of the DFGW mode (with the driving frequency 2f and the 
order s), respectively, and αs(a3) is the corresponding expansion coefficient (Deng et al. 2007).  
Based on the reciprocity relation and the orthogonality of guided waves (Auld 1973), the equation governing 
αs(a3) is given by [ )( 3a∂∂ -jk(2f,s)]αs(a3)=(FS+Fb)/(4Pss), where Pss is the average power flow per unit width along 
the a1 axis for the sth DFGW mode, and k(2f,s) is the a3-axis component of the wave vectors. The forcing function due 
to the bulk sources )2( fif  and ρ(2f) is given by Fb= ³ ⋅−⋅h sfisfi aafaU0 2)2(2),2()2(2),2( d])(~)(
~[j2 ρϕω , and, after considerations 
of the mechanical and electrical boundary conditions at the two surfaces a2=0 and h in Fig. 1, the forcing function 
due to the surface sources )2( fijP  and σ(2f) is derived as FS= haafsffisfi aPaU ==⋅+⋅ 2 02)2(2),2()2(22),2( |])(~)(
~[j2 σϕω , where the sign 
'~' on the top of ),2( sfiU  and ),2( sfϕ  denotes the complex conjugate operation. For the short-circuit or open circuit case 
at a2=0 or h, the second term in the right-hand side of FS should be removed or reserved, respectively. Considering 
an initial condition for DFGW generation, i.e., αs(a3)=0 when a3=0, αs(a3) can formally be given by  
]jexp[j]sin[
4
)( 33),2(33 kaDakkhD
kaDa sfss +=
α
α ,                                                                                            (1) 
where αs=(FS+Fb) h  exp(-2jka3)/Pss; D =[c(2f,s)-c(f,p)]/c(2f,s); c(f,p) =ω/k and c(2f,s) =2ω/k(2f,s) are, respectively, the phase 
velocity of the (f, p) guided wave and the sth DFGW mode. When αs ≠ 0, and D =0 or D ≈ 0, αs(a3) can further be 
written as αs(a3)= (αs/4)(a3/h)exp[jk(2f,s)a3], meaning that the sth DFGW component will increase with propagation 
distance. When αs ≠  0 and D ≠ 0, there is a beat effect for the amplitude of the sth DFGW with propagation 
distance, and the contribution of sth DFGW component to )2( fiU  can be negligible (Deng et al. 2007).  
For a given set of orientation angles (γ1, γ2, γ3), the (f, p) guided wave propagating in the piezoelectric plate with 
the specific electrical boundary conditions at a2=0 and h (see Fig. 1) can be selectively generated to ensure αs ≠ 0 
and D =0 (or D ≈ 0) in Eq. (1). In this way, the sth DFGW 
component will grow with propagation distance, and an obvious 
second-harmonic signal of primary guided wave propagation 
can be observed. When changes in the electrical boundary 
conditions occur, the SHG effect of primary ultrasonic guided 
wave propagation will be influenced in the following two 
aspects. First, changes in the electrical boundary conditions will 
influence the dispersion relations of guided waves. Thus, the 
original condition D =0 may not be satisfied now when the 
electrical boundary conditions change. This will remarkably 
influence the SHG efficiency of the (f, p) guided wave 
propagation. Second, changes in the electrical boundary 
conditions may provide different acoustic field features for the 
(f, p) guided wave. This will influence the magnitude of αs(a3) 
because FS and Fb in Eq. (1) are proportional to the square of 
amplitude of the (f, p) guided wave (Deng et al. 2007).  
3. Numerical Analyses  
The plate material is assumed to be single crystal LiNbO3 (Cho et al. 1987). When we let the orientation angles 
(γ1, γ2, γ3) = (0o, 0o, 0o), the curves of phase velocity versus the frequency-thickness product fh under different 
electrical boundary conditions are shown in Fig. 2. The intersections between the vertical dotted line V (fh = 
4.75MHz.mm) and the dispersion curves denote the primary mode and the corresponding DFGW mode generated. 
Specifically, the DFGW mode (denoted, respectively, by point s0, s1 or s2) is generated by propagation of primary 
guided wave mode (denoted, respectively, by point p0, p1 or p2).  
It is found that the scale of )( 2),2( aU sfisα  (i=1,2,3) is hAm2 , where Am is the amplitude of the a3-axis displacement 
component of the primary guided wave propagation at the surface a2 =0. At fh =4.75MHz.mm, the magnitude of αs is 
 
Fig. 2. Dispersion curves of guided waves 
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calculated to be (16.92, 0.09), (23.13, -0.96), and (38.53, -4.00) for mode pair (p0,s0), (p1,s1), and (p2,s2), respectively. 
Clearly, under the open circuit conditions at a2=0 and h, points p0 and s0 overlap (i.e., D=0) and αs  ≠  0. For this 
special situation, the (2f, s0) DFGW mode will grow with propagation distance. When the electrical boundary 
conditions change from the 1st case (open circuit at a2 =0 and h) to the 2nd case (open circuit at a2 =0 and short-circuit 
at a2 = h ) or the 3rd case (short-circuit at a2 =0, h ), the mode pair of primary and DFGW mode (denoted by points 
between the vertical dotted line V and dispersion curves in Fig. 2) changes from (p0, s0) to (p1, s1) or (p2, s2). It is 
found that points pi and si (i=1,2) in Fig. 2 no longer overlap, meaning that there is D ≠ 0 in Eq. (1).  
 
Fig. 3. Amplitudes of the DFGW modes vs propagation distance for different electrical boundary conditions: (a) the a2-axis displacement 
component, and (b) the a3-axis displacement component. The a1-axis displacement component vanishes under (γ1, γ2, γ3) = (0o, 0o, 0o).  
When the electrical boundary conditions change (relative to the open circuit conditions at a2 = 0 and h), the 
amplitudes of the DFGW modes (at the surface a2=h) versus propagation distance are shown in Fig. 3. The 
numerical results reveal that, using different electrical boundary conditions, the SHG effect of the primary guided 
wave propagation can be effectively regulated, relative to a specific electrical boundary condition that can ensure 
αs ≠  0 and D =0 in Eq. (1).  
4. Conclusions  
The description for the SHG effect of primary ultrasonic guided wave propagation in a piezoelectric plate has 
been presented within a second-order perturbation approximation. The analytical results clearly reveal that the SHG 
effect of primary guided wave propagation is nearly related to the electric boundary conditions of the piezoelectric 
plate. It is found that under different electrical boundary conditions there is an evident difference in the SHG effect 
of ultrasonic guided wave propagation, and that the SHG effect is highly sensitive to the electrical boundary 
conditions. The results obtained may provide a means for regulating the SHG efficiency of ultrasonic guided waves 
by changing the electrical boundary conditions of the piezoelectric plate. 
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